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1. Introduction to Powers

Powers
[ ]

are a method of simplifying expressions.
An equationsuchas:7+7+7+7+7+7+7+ 7+ 7 = 63 could be simplifiedas: 7 X 9 = 63
Whereas an expression suchas: 7 X 7 X 7 X7 x 7 X7 X 7 X7 X 7 could be simplified as: 7°

A simple way to describe powers is to think of them as how many times the base number is multiplied by

itself.

It helps

*
*

*

5% 5x%5X5isthe same as 5% is the same as 625

4 The 5 is called the base.
5 >< The 4 is called the exponent, the index or

the power.

The most common way to describe this expression is, ‘five to the power of four.’
The two most common powers (2 & 3) are given names: 32 is referred to as ‘3 squared’ and 33 as ‘3
cubed.’

However, note that —372 is different to (—3)?; the first is

equivalent to (—9), whereas the second is equivalent to (+9)

In the first example, —32, only the 3 is raised to the power of

two, in the second, (—3)is rasied to the power of two, so

(—3) x (=3) =9, ‘positive’ number because (—) X (—) = (+) 000
Whereas, a negative power, such as 63, reads as ‘six raised to g..

the power of negative three’, it is the same as 613: it is the

11

T 6 216

To raise to the negative power means one divided by the base raised to the power, For example, 6

reciprocal. =~ 673

can be read as ‘one divided by the 6 raised to the power of three’ (six cubed).
Another example: 4% is the same as 473, which is also é

Take care when working with powers of negative expressions:

(—2)3 = (—8) negative times negative times negative = negative (— X — X —= —)
2)*=16(-x-)(—x—-)=+

=~ (—=x)> will be a negative expression, whereas (—x)® will be positive.

if you can recognise some powers, especially later when working with logarithms
The powers of 2 are: 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 2048, 4096, 8192,...
The powers of 3 are: 3,9, 27, 81, 243, 729,...

The powers of 4 are every second power of 2

The powers of 5 are: 5, 25, 125, 625, 3125,...

The powers of 6 are: 6, 36, 216, 1296,...

The powers of 7 are: 7, 49, 343, 2401,...

The powers of 8 are: every third power of 2

The powers of 9 are every second power of 3

The powers of 10 are: 10, 100, 1000, 10 000, 100 000, 1 000 000,...

The powers of 16 are every fourth power of 2



1. Your Turn:

Work out the value of the following based on what you have understood from the introduction:

a. 23= L 08y =

b 9% = i 42—

d (-4)?%= . 471=

e. (-3)3 m. (—4)71=

f (_%)2 - n. (0.5)7*=

g 0= 0. 3=
p. (-2)73=

h. (=0.1)%=




2. Scientific notation

e The most common base is 10. It allows very large or small numbers to be abbreviated. This is
commonly referred to as ‘scientific notation’.
0 10° = 10x10x 10 x 10 x 10 = 100 000. (Note: 100 000 has 5 places (as in place

value) behind ‘1’, a way to recognise 10 to the power of five

o 107%= % =10+10-+ 10+ 10 = 0.0001. (Note: 0.0001 has 4 places (as in place value) in

front; one divided by 10 to the power of four)
o 3000 = 3x1000 = 3x103
0 704500000 = 7.045 x 100 000 000 = 7.045 x 108

e Aclassic example of the use of scientific notation is evident in the field of chemistry. The number of
molecules in 18 grams of water is 602 000 000 000 000 000 000 000 which is written as 6.02 x 10%
which is much easier to read and verbalise.

1.5876 x 10°
Vi A
A numberin  decimal x107 (Any positive or
the ones’ place. negative exponent )

As many numbers
as necessary afterthe

decimal
2. Your Turn:
Write the following in scientific notation: Write the following numbers out in full:
a. 450 e. 3.75 x10?
b. 90000000 f. 3.97 x 10!
c. 35 g. 1.875x 107t
d. 0.0975 h. —8.75x 1073

3. Significant Figures

Scientific notation is used for scientific measurements as is significant figures. We briefly touched on this
concept in module one. Both scientific notation and significant figures are used to indicate the accuracy of
measurement. For example, if we measured the length of an item with an old wooden ruler, a steel ruler,
and then some steel callipers, the measurements would vary slightly in the degree of accuracy.
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Perhaps the item might be approximately 8cm long. Hence:

» The wooden ruler will measure to the nearest cm +0.5¢m, 8.2cm; 2 Significant Figures (sig. figs.)
» The steel ruler will measure to the nearest 0.1 cm +0.05c¢m, perhaps 8.18cm; 3 sig. figs.
» The callipers may measure to the nearest 0.01cm +0.005¢m, for instance 8.185cm; 4 sig.figs.

Some rules apply:

1. Any non-zero digit is significant. The position of the decimal point does not matter. For example:

14.8 3 sig. figs
148 3 sig. figs
1.48 3 sig. figs
0.148 3 sig. figs
1.4869 5 sig. figs

2. If there are zeros between numbers, they are significant. For example:

1.08 3 sig. figs
10.48 4 sig. figs
1.0048 5 sig. figs
505.01 = 5.0501x10% 5 sig. figs

3. Zeros that are at the right hand end of numbers are not significant, unless stated. For example:

80 1 sig. fig
800 1 sig. fig
8900 2 sig. figs
80090 4 sig. figs
990 = 9.9x10° 2 sig. figs

4. Zeros to the left hand end of decimal numbers are not significant. For example:

0.8 1 sig. fig
0.148 3 sig. figs
0.0048 2 sig. figs
0.5048 4 sig. figs
0.0006 = 6x10™ 1 sig. fig

5. Zeros at the right hand end of the decimal are significant. For example:

14.0 2 sig. figs
1.40 3 sig. figs
0.1480 4 sig. figs
1.4800 5 sig. figs
140.0 = 1.4x10° 4 sig. figs

When recording measurements and significant figures, a result such as 6.54, which could be 6.54cm, and has
a value with 3 significant figures. This implies that the first two digits may be accurate and the last digit is a
close estimate. So the measurement of 6.54cm means that the 65mm are accurate but the 0.04mm is an
estimate give or take 0.005mm.



3. Your Turn:

These practise examples will help to draw together your understanding about Scientific Notation and
significant figures.

1. Write each of the following in scientific notation

2. State the number for significant figures in the value (you might like to refer to the rules).

a. 354 e. 960

b. 18932 f. 30000
c. 0.0044 g. 150.900
d. 0.000506

4. Power Operations

Powers are also called indices; we can work with the indices to simplify expressions and to solve problems.

Some key ideas:
e Any base number raised to the power of 1 is the base itself: for example, 5 = 5
e Any base number raised to the power of 0 equals 1, s0: 4% = 1
e Powers can be simplified if they are multiplied or divided and have the same base.
e Powers of powers are multiplied. Hence, (23)2 = 23 x 23 = 26

e A negative power indicates a reciprocal: 372 = =
32

Certain rules apply and are often referred to as: Index Laws.

The first rule: a™ x a® = g™+n

¢ To multiply powers of the same base, add the indices
¢ How does this work?
e Let’s write out the ‘terms’
e a7 xa=a’t2 =39

i a2
(axaxaxaxaxaXa +m)

¢ To divide powers of the same base, subtract the indices
¢ How does this work?
¢ We are dividing so we can cancel

e Subtract 6 from 9 (numerator) and six from six (denominator)
9

9

X —
The second rule: — = x2-6

o o X396 _ 3
x6 AXAKAKAKXERERKEKERL abnbvicancel method
*  From the second law we learn why x°=1 EXXRILXLXXRKL PPy
* Any expression divided by itself equals 1 ARERXRNRT IR S B ENEAY
3 ERESESED E e 1

x> _ 3-3_4,0 \yhich i
. sox3—1orx =x" whichis 1 e



The third rule: (b*)™=p*™
e To raise a power to a power, multiply the indices.
. (b2)3
* How does this work?
« (bxb)x(bxb)x(bxb)=>bb
¢ Therefore, we multiply the indices.

The fourth rule: (xy)™ = x™y"
¢ A power of a product is the product of the powers.
« (3x4)?
¢ How does this work?
e (3x4)x(3x4)=3%2x4?
e 12X 12=9x 16 = (both equal 144)
¢ Therefore, we can expand (remove the brackets).

The fifth rule: (a/b)m = Z—m (as long as b is not zero)
e A power of a quotient is the quotient of the powers.

2
. (5/2)2 = z—zHow does this work?

e (5+2)x(5+2)=52%2+2?
* 2.5x25=2 = (both equal 63)

Therefore, we can expand (remove the brackets)

m 1
Fractional Indices: an = (an)™

7’

e This is related to the third index law and will be explained later in ‘Fractional Powers’.

Below is a summary of the index rules:

Index rule Substitute variables for values
a™ xa"* = a™m" 23 x 22 =23%2 =25 =32
a™+a"= a™ ™" 3¢ +33=33=3%=27
(@™" =a™ (4%)° = 4 = 4"° = 1048576
ab)™ = a™p™ 2Xx5)2=22x5%=4x25=100
(a(/b)z" =a™+bhm (10 + 5)(3 = 22 =8; (103 +53) =1000+125=8
a ™= i 472 = l = 1
am 42 16
g = ma 83 =38=2
a’=1 63+63=633=6=1;(6+-6=1)

EXAMPLE PROBLEMS:

1. Simplify 6° X 63 +6%%x7%+6% =
— 65+3—2 X 72 + 64—
=6°x 7% + 64
2. Simplify g°xhtxg?l=
— 95 X g—l X h4-

=g4xh4




4. Your Turn

Apply the index laws/rules:

d.

o

o

o

. . 2 4 2 _
Simplify 5 X 5% + 5% = e. Simplify
. 2 % 45 =
Simplify x x f.  Simplify
Simplify 42x 3+ 4% =

g. Simplify
Simplify (5%)3=

2436

34

32x35=

9(X2)3 _

3xy?

h. Simplify a~'va = (applies to section 7)

What is the value of x for the following?

i. 49=7*% k. 88=111x2~¥
i S= 2% . 480 = 2% x 31 x 5!
4
2p3 2
m. Show that 1223: + 98;3;5 = 6ab®

5. Roots

Previously we have looked at powers: 4> = 16

A root is used to find an unknown base: V16 = 4

The symbolic form V16 is expressed as, “What is the square
root of 16?” or, “What number multiplied by itself equals 16?”
Like exponents, the two most common roots (\/_and i/_) are
called square root and cube root.

V64 is expressed as the square root of 64. (Note square root
does not have a 2 at the front, it is assumed)

V27 is expressed as the cube root of 27.

Let’s look at the relationship between 3 and 27. We know that 3 cubed
is27 (3 x 3 x 3).

So, 3 is the cube root of 27; ¥/27= 3 and 33 = 27

Now let’s look at negative numbers: 33 = 27 and (—3)3 = —27

Yet, 52 = 25 and (—5)? = 25, —5 s the square root of 25.
Hence, V25 = +5

squaring

O)

]

l‘

L/

Square
rooting

le

]

\J
»,

Cube
rooting

Simplifying roots is difficult without a calculator. This process requires an estimation of the root of a number.

To estimate a root, it is helpful to know the common powers. Some common powers are listed below:



n? Vv

22 =

32 =

4% =

52 =

62 =

72 =

82 =

92 = 81 V81 = 9

102 =

112 =

122 =

132 =

5. Your Turn:

Complete the table to the left.

Using the table:
V81 =9(9 squared is 81)

V56 =? An example as such requires estimation.
Look to the table, if the square root of 49 is 7, and the
square root of 64 is 8, then the square root of 56 is
between 7 and 8 (7.48).

A surd is a special root which cannot be simplified into a whole number. For instance, V4 = 2,2 is awhole
number; therefore, V4 is not a surd. However, V3 = 1.732, 1.732 is not a whole number; therefore, V3 is a

surd. Large roots, such as v56 must be simplified to determine if they are surds. This process is explained on

the next page.

5. Your Turn:

Which of the following are surds?

da. \/T C.
b. V2 d.

5 &

6. Root Operations

e. V9 g. 8
f. 2 h. 16

Some basic rules:

o \/Ex\/_=,/x Xy forexample,\/gxﬁ=\/6x4=m

o Vx2=x for example, V52 =5

e Simplifying Roots requires finding factors which are square numbers, such as the factors which are in

the table on the previous page.

e If we look at the radical V56, it has multiple factors: 1 X 56 0r2 X 280r4 X 14o0r7 X 8.

4 X 14 is key because it has a square number (4).

Therefore, we can simplify V56 = V4 x /14
= 2V14

The square root of four is two, thus we have ‘two multiplied by the square root of 14’.

10



EXAMPLE PROBLEMS:

1. Simplify v32
V32 32 hasthe factors: 1 x32 or 2 x 16 or 4 x 8. The biggest square number is 16.
~~32 =16 xV2

=42

2. Simplify 5V/18
5v/18 18 has the factors: 1 x 18 or 2 x 9 or 3 x 6. The biggest square number is 9.
% 5V18 =5x V9 x+2
=5x3x+2
=152

6. Your Turn:

Tip: To simplify the radicals/surds below, work out the factors of the number first. Work strategically by
starting with 2 X?. Work the factors until you get a squared number. It is important to select the largest

factor that is a squared number.

a. Simplify v/81 c. Simplify 2v/48
b. Simplify V72 d. Simplify 4v/338

11



7. Simplifying Fractions with Surds

When you are required to simplify radical expressions involving fractions, you are being asked to produce a
single fraction without radicals in the denominator. This involves robust mathematical thinking and
reasoning about core mathematical concepts. A tip is to start from what you know, recall what you have
understood previously, and then apply that thinking systematically (step-by-step). Hence, to simplify
fractions with radicals, think about what you know about fraction operations, such as converting fractions to
make common denominators (to be able to add fractions). Then apply this thinking in a logical step-by-step

manner.

EXAMPLE PROBLEMS:

First example:

V3 2

% + o= first we need to create the lowest common denominator to be able to add the fractions

X

=(33)+ %

Ve T Vs
2 _ 5
N
S Ve
Ve T e

_ sl

6

Second example:

1
V5

§||H
o

2 hE R
X «|<
EERNE
2

N
X
a
S
|
-
X
<
=
S

5
:
o

N
)
<
=
S

5

[y
o

7. Your Turn:

Here we simplify V20 = v/5 x V4, s0 2v/5

To create a common denominator of \/6, then we can add

If we multiply two square root numbers we cancel the root, and then add Te

2
N
2

Now we need to multiply both sides by V6 to remove the radical

Have a go at these by following the steps above. It will take some deep mathematical thinking; however, if
you approach it in a step-by-step manner you will feel the satisfaction of solving the ‘puzzle’.

V2 V3

a. Simplify 7 + %

b. Simplify

120
V3 415

12



8. Fraction Powers/Exponents/Indices

Another way to express the cube root or square root is to use fraction powers. For example, an expression
1 1
92 is also the same as the square root of nine: V9. Similarly, V16 could be expressed as 162.

. . 1 1
Then the same applies for the fractional power/exponent 3 for example, V8 can also be expressed as 83

1. .
Thus we could say that an exponent such as o implies to take the x th root.

1 1 1
Therefore, to generalise we could say that if xz2 = Vx and x3 = Vx then xn = Vx

1
How does this work: Well let’s look at 273. What can we say about this expression?

° Itis twenty seven to the fractional exponent of a third
° It implies the cube root of 27

°  The cuberootof27is3.(3x3x3) =27

°  Thus we also know that 33 = 27

1 1
°  Now we could simplify 273 to (33)3

1 1
°  So using our knowledge of index laws (page 21), we could also say that (3%)3 is the same as 33x3)

°  This then cancels out to 31 = 3

This is a long way to explain how fractional powers/exponents work, but as with all mathematics, with
practise a pattern forms making the ‘how and why’ of mathematical ideas more evident.

What about negative fractional powers/exponents?

. . . . _3 . 1 ..
Remember we worked with these briefly in section 15, where we looked at 673, is the same as = it is the

reciprocal. Hence, we can generalise thata™ = ﬁ
AN EXAMPLE:
1
° (@27) s
1 - 1
° Ifa™™ =—then (27) 3 = —
a 273
1
°  So we know that 273 = /27
1
o . -1
o (27) 3 = 3
8. Your Turn:
Evaluate:
1 _1
a. (81) b. (81) 2

13



9. Logarithms

With roots we tried to find the unknown base. Such as, x3 = 64 is the same as V64 = x; (x is the base).

A logarithm is used to find an unknown power/exponent. For example, 4* = 64 is the same as log, 64 = x
This example above is spoken as: ‘The logarithm of 64 with base 4 is x.” The base is written in subscript.

The general ruleis: N = b*<& log, N = x

e In mathematics the base can be any number, but only two types are commonly used:
0 logio N (base 10) is often abbreviated as simply Log, and
0 log, N (basee) isoften abbreviated as Ln or natural log
e log;o N is easy to understand for: log;, 1000 = log 1000 = 3 (103 = 1000)
log100 = 2
e Numbers which are not 10, 100, 1000 and so on are not so easy. For instance, log 500 = 2.7 ltis
more efficient to use the calculator for these types of expressions.

9. Your Turn:

Write the logarithmic form for: Solve and write in exponential form:
a. 52=25 e
b. 6% =36 e
c. 35=243 - 0B3O T
g. log, 64 =

Use your calculator to solve

h. Log 10000 = j. Ln56=
i. Log350-= k. Ln100=

Let’s explore further

Logs to the base 10 are used in chemistry where very small concentrations are involved. For instance, acidity
is determined by the concentration of H" ions (measured in moles/litre and written as [H'] in a solution. In
pure water [H'] = 0.0000001 mole/litre of 1x10~

[H1= 10 102 10" 10™ 110%™ 10° 10° 107 10°* 10° 10* 10°® 10%* 10%
<€ less acidic T More acidic >

neutral
A special scale called pH has been developed to measure acidity and it is simply the ‘negative index’ of the

above scale. You may have noticed this scale if you help out with the balancing a swimming pool to ensure
the water is safe for swimming.

pH = 14 13 12 11 10 9 8 7 6 5 4 3 2 1
<€ less acidic 1‘ More acidic >
neutral

So a solution with a pH=7 is neutral, while pH =3 is acidic, pH=2 is more acidic, pH 12 is alkaline and so on.

14



8. Your Turn:

Use the scales above to answer these questions
Convert these [H'] concentrations to scientific notation and then pH.

[.  [H"]=0.001 moles/litre

m. [H'] = 0.00000001 moles/litre

n. [H] =0.0000001 moles/litre

o. [H']=0.000000000001 moles/litre

p. When converting from the [H'] scale to the pH scale, we take “the negative of the log to base 10 of

the [H*].” Can you translate this English statement into a mathematical equation?

10. Helpful Websites

Powers: http://www.mathsteacher.com.au/year8/ch07 indices/01 ind/ind.htm

Roots: http://www.math.utah.edu/online/1010/radicals/

Logarithms: http://www.mathsisfun.com/algebra/logarithms.html

15
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11. Answers

1.
a 22 =8 . 472= 16
b 91 ? 811 k. 1 11 =1
< (3) =5 Lo4t=2
d. (—4)2 =16 -1 _1
e. (=3)%=-27 m. (=4)7 2
f (_l 2 _ 1 n. (0. 5)_4= (—)_4 =2%=16
' 4 T 16 3 64
g. 03=0 o. ()3 33—;
h. (—0.1)? =0.01
i

L (-2)3=-2
(0.5)3 =0.125 as is c. above P (=) 8

2. Write the following in scientific notation:
a. 450 = 4.5 x 102
b. 90000000 = 9.0 x 107
c. 3.5=isalready in standard form
d. 0.0975 = 9.75 x 1072
Write the following numbers out in full:

e. 3.75 x 10% = 375

f. 3.97 x 10t = 39.7
g. 1.875x 107! = 0.1875
h. —8.75 x 1073 = —0.00875
3.
a. 354 3.54 x 10? 3 sig. figs
b. 18932 1.8932 x 10* 5 sig. figs
c. 0.0044 44 x1073 2 sig. figs
d. 0.000506 5.06 x 1074 3 sig. figs
e. 960 9.6 x 102 2 sig. figs
f. 30000 3 x 10% 1 sig. fig
g. 150.900 1.509 x 1072 6 sig. figs
4. Simplify
a. 52 x 5%+ 52=756+52 f 32x35=33=_1L
b. x? x x> = x’ 27
9(x2)3 _ x6 _ 3_x5
c. 4°xt3+4%2=1¢3 & Sxyz T a2 2
d. (54)3 =5% h. alWWa=a1x a% = a_%
2436 1 1
e. 13 =2%37=16x9=144 -Lord
az
i x=2 k. x=3
j x=-=2 | x=5
2 3 2 23,3 33,5
m. Show that P Bl _gaps AP 24D
a3b 9a°b 3asb 8b-a

__ 2ab®x3 _ 2a'b5x3
b3at 1

= 6ab®

16



n? Vv

12 1 V1 1
22 4 V4 2
32 9 V9 3
42 16 V16 4
52 25 V25 5
62 36 V36 6
72 49 V49 7
82 64 V64 8
92 81 V81 9
102 100 V100 10
112 121 V121 11
122 144 | /144 12
132 169 | /169 13

The following are surds: V2 v/3 /2

d. 4+/338(factors 169 x 2) so4 x V169 x /2 =4 x 13 x V2 = 52¢/2

7. da. . f. f. f- f- f-
V2 3 V2 V2 V34
V3 42 W3 w2 V2 W3
_2+¥3_ 5
T Ve \_;’-6 )
_ 5 Vs _ sis
T Ae T Ve 6
1 1 1
8. a.v8 —ig b\/Sl_E_ig
9. Write the logarithmic form for:
a. logs25=5
b. logs36 =2

c. log3243 =5

Solve and write in exponential form:

d. log, 8 =3 equivalentto 23 =8

e. log; 27 =3 equivalent to 33 = 27

f. log; 81 = 4 equivalent to 3* = 81

g. log, 64 = 3 equivalentto 43 = 64

h. 4

i. 2.54

j. 4.03

k. 4.61

. [H"]=0.001 moles/litre = 10> pH=3

m. [H'] = 0.00000001 moles/litre = 10® pH=8
n. [H']=0.0000001 moles/litre = 107 pH=7
o. [H']=0.000000000001 moles/litre = 10™** pH12
p. pH=-logy [H]

6. Simplify
a. Vv81=9
b. 72 factors are 2 x 36 s0v/2 x V36 = /2 x
6 =6v2
c. 2V48(factors3x16)s02 X3 x16 =2 x
4 x+/3 =83
b. ) ) )
1 _2B_ 1 Vs 2
V3 W15 3745 V15
_ W5—243
==
S o L
415 W1
V75-24/45
- 15

_ \."ﬁ * \-"E— 2 \-'1-9 b4 \-'1-5 _ 5 \-‘E- 6\"]-5

15

H+

[moles per liter)

10°
Acidic
102

10

10—10

10-12

Basic (or
“alkaline”) 1024

15

H+

(moles per liter)

1

0.01

0.0001

0.000001

0.00000001

0.0000000001

0.000000000001

0.00000000000001
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